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The theory of creeping waves is developed by applying the Sommerfeld-Watson transformation
on the normal-mode solution for acoustic scattering from an infinite elastic cylinder. Two types
of radiating, circumferential waves emerge: (1) highly attenuated “Franz-type” waves with
subsonic speeds, and (2) supersonic ‘‘Rayleigh-type” waves which are only slightly attenuated.
The experimental study of these waves for an aluminium cylinder is accomplished by two in-
dependent methods: (1) time measurements of sequential pulses, and (2) direct visualization by
Schlieren techniques. Measured velocities, attenuations, critical angles, and scattering cross
sections are compared with theoretical calculations.

Among the multitude of classical problems which
A. SOMMERFELD ! considered, the one which is most
relevant to the subject matter of this paper is the
problem of propagation of radio waves around the
earth. He solved it by using a mathematical method
which is now known as the “Sommerfeld-Watson
transformation’, and which we shall employ here
also. VAN DER PoL and BREMMER 2 addressed them-
selves to the same problem, and Fraxz3-7 advanced
the theory considerably by applying it to diffraction
of electromagnetic waves around conducting cylin-
ders and spheres. It was he who coined the term
“creeping wave”’, (Kriechwelle), to describe the
phenomena of circumferentially propagating waves.

Only recently came the realization that the same
creeping-wave theory furnishes a most useful de-
scription for analyzing acoustic scattering as well.
The impetus for this was given by the experimental
discovery by BArNARD and McKINNEYS® that a
single underwater sound pulse which is incident on

* The authors wish to thank the editors of the Zeitschrift
fur Naturforschung for the privilege of dedicating this
paper to the memory of ARNOLD SOMMERFELD’S hun-
redth birthday, Dec. 5, 1968.
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a scatterer will produce a series of multiple echo
returns. Since then a number of other experimenters 9
have corroborated the basic idea of this paper: that
the physical mechanism for acoustic scattering con-
sists of a superposition of continuously radiating
circumferential waves. The creeping-wave theory
furnishes this physical picture in a most natural
way, via the Sommerfeld-Watson transformation,
whereas in the classical “‘normal mode solution” (an
infinite-series expansion in terms of separable eigen-
functions of the wave equation) this interpretation
is hidden. Consistent also with the truism that of
all possible mathematical descriptions for a given
physical phenomenon the most efficient one will be
the one which resembles the physics of that pheno-
menon most closely, we find that the creeping-wave
solution is much more rapidly convergent than the
normal-mode solution. Acoustic scattering is parti-
cularly suited for the experimental study of creeping
waves, (better than electromagnetic scattering),
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because of their slow propagation speeds and, more
important, because they can be observed directly
by the use of pulsed signals.

The theory of creeping waves has been applied
by the present authors to various problems in
acoustic scattering from rigid, soft, or elastic cy-
linders or cylindrical shells using both continuous
and pulsed waves10-16, Tn this paper, part A, we
present the creeping-wave analysis of acoustic
scattering by an infinite elastic cylinder immersed
in a fluid. Two types of circumferential waves
emerge: (1) highly attenuated “Franz-type” waves
which are slower than ¢ — the speed of free acoustic
waves in the liquid ; and (2) very slightly attenuated
“Rayleigh-type” waves which are faster than c. The
former are the original creeping waves first identified
by Fraxz, and depend mainly on the geometry of
the scatterer, whereas the latter owe their existence
solely to the scatterer’s elastic properties. In part B
we present the experimental verification of the
theory for an aluminium cylinder, and visualization
of the creeping waves by Schlieren methods. This is
the first time that both the Franz-type and Ray-
leigh-type waves were definitely identified in an
experiment and correlated with theory. A more
detailed description of this experiment can be found
in Refs. 17 and 18,

Part A: Theory
I. The Normal-Mode Solution

Figure 1 shows the geometry of the problem: a
plane wave exp i(kjx — wt) is incident from the
negative x-axis on an elastic cylinder with radius a,
density p2, and Lamé constants 4, u. The surround-
ing medium is an infinite homogeneous fluid with
density o1, in which the speed of propagation for
the acoustic wave is

c1= w/ky; (1)

whereas inside the cylinder the longitudinal (com-
pressional) and transverse (shear) modes have the

10 R. D. DoorrrrLE and H. UBERALL, J. Acoust. Soc. Am.
39, 272 [1966].

11 H. UBERALL, R. D. DoorLiTTLE, and J. V. McNICHOLAS,
J. Acoust. Soc. Am. 39, 564 [1966].

12 R, D. DoovrrrTLE, J. V. McNicHoLas. H. UBERALL. and
P. Ucixcrus, J. Acoust. Soc. Am. 42, 522 (L) [1967].

13 R. D. DoorirrLe, H. UBkrarr, and P. Ucixcius, J.
Acoust. Soc. Am. 43, 1 [1968].
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Fig. 1. Scattering Geometry.
respective speeds
o =[(Z+2p)/o2]V%: e = (ule2)?.  (2)

The total acoustic pressure at the general obser-
vation point P (r, 0) is obtained in the usual way,
by subjecting the general separable solution in terms
of the cylinder eigenfunctions to the elastic bound-
ary conditions at r = a. After suppressing the time
dependence exp (— i wt) the result is (see 10 16):

P = Pine + Psc (3a)
where the incident and scattered pressures are given
respectively by

Pine = z i"(2 — Ono) J n(k17) cos(nb),

n=0

(3b)

Pse = 2 1%(2 — Ono) g" HP (kyr) cos(nf), (3c)

n=0

and where the expansion coefficients in Eq. (3¢) are
found to be

B1 o1z ous o1 X122 A13
Bﬂ — P2 o2z a23 Dll = a21 O22 23 (4)
0 a3z o33 0 a3z a3

With the introduction of the dimensionless para-
meters

vy=ak;=awlc;, (i=1,11 (5)

15 J.V.McNicaoras, H. UBerarn. and K. CHOATE, J.
Acoust. Soc. Am. 44, 752 [1968].

16 P. Ucincrus, Ph. D. thesis. Phys. Dept.. The Catholic
Univ. of America, 1968; and U. S. Naval Weapons Lab.
Tech. Rept. No. 2128, Feb. 1968, Dahlgren. Va. 22448.

17 W. G. NEUBAUER, J. Acoust. Soc. Am. 44, 298 (L) [1968].

18 W. G. NEUBAUER, Ph. D. thesis, Physics Dept., The
Catholic Univ. of America, 1968; and J. Acoust. Soc.
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the elements of these determinants are given by 19
(primes indicate differentiation with respect to the
argument):

Br = (01/02) a7 Ju (1),
B2 = x1J, (21); (62)
a1 = — (01/02) af HY (1),

e = — 221, (x1) + (202 — a7) Ju (@) , (6b)
a1 = 2n[J () — 2, (@1)];

az1 = — a1 HY (21),

a2e = — X J,;(xl) . (6¢)
23 = ndy (xt);

age = 2nfa1d, (@) — Ja(21)],

agz = 2x¢d, (@) + (@ — 2n2) Jp(xy) . (6d)

A quantity of experimental interest is the differ-
ential scattering cross section defined by
do/d = lim 7 | pse/Pinc|? - (7)
r— oo
By using Hankel’s asymptotic expansion for large
argument

HP(0) = (2/mo)2 expifo — (#/2) (n + 1)1 (8)

for the scattered pressure in Eq. (3¢), we arrive at
the following expression for the cross section:

oo B 2

= 22— 0w Sleosnd) . (9)
In principle this equation could be summed to any
desired degree of accuracy. However, for large values
of ka(xy = 1) Eq. (9) is limited by its very slow
convergence. For example, SOMMERFELD ([1], p.282),
in a similar problem finds that a normal-mode series
like that of Eq. (9) would require more than 1000
terms before it would start to converge.

I1. The Creeping-Wave Solution

We now reformulate the normal-mode solution
of the preceding section via the Sommerfeld-Watson
transformation 120, This will not only improve the
convergence of the solution but, more important,
will furnish the physical picture of the circum-
ferential creeping waves. The Sommerfeld-Watson

19 These differ from the corresponding elements in Ref. 10
and 13 by the overall factor of x, thereby making them
dimensionless. See also Ref. 14 or 16 where the correctly
nondimensionalized elements are given for the more
general 6 x 6 determinants for a cylindrical shell.
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transformation may be written in the form
S . dv .
2 — = —iny
72:0 (2—0n0)fn=1 Pcf i i), (10)

where Cis a contour which passes through the origin
v = 0, surrounding the positive real axis in clock-
wise sense, and excludes all poles of the function
f(»). The Neumann factor 2 — 9,0 requires that the
principal value be taken for the integration through
the origin. The next step is to transform the contour
C (which encloses all the zeroes of sin 7#» and no
poles of f (v)) into a different contour which surrounds
all poles of f(»). To do this one must have an a priori
knowledge of the complex zeroes of the determinant
Dy — D (v), because applying the transformation
(10) to Eq. (3¢c) we see that the only poles of the
function f(v) are those zeroes, all other cylinder
functions which appear in B, and H{? being entire
functions in the complex y-plane of their order.

The determinant D (v) is too complicated to yield
any information about its roots by analytical
methods. For special cases, however, it degenerates
into simpler forms for which the asymptotic zeroes
are well known. Thus, for example, for rigid (u — o)
and soft (4 — 0) cylinders it is found 10 that they are
the roots of H(" (21) and of H (x;) respectively.
For large x; these roots are known from the work
of SoMMERFELD! and Fraxz4. There are infinitely
many of them and they all lie in the first quadrant
of the y-plane on a line which when extrapolated
intersects the real axis at y ~ x1.

We have written a computer program to find the
zeroes of the determinant D (v), Eq. (4), numerically
(see 16). Essentially it is a Newton-Raphson method
generalized to the complex plane, which converges
quite rapidly if the initial estimate is fairly good.
To make sure that no zeros are overlooked we also
made use of the “Principle of the Argument”

27(Z — P) = AcArg D(»), (11)

which states that the number of zeroes Z minus the
number of poles P (with their multiplicities taken
into account) inside any closed contour C is equal
to the net change (divided by 27x) of the argument
of D(») in a complete traversal of C. With P = 0

20 G. N. WarsoN, Proc. Roy. Soc. London A59, 83, 546
[1919].
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Eq. (11) enabled us to determine unambiguously the
number of zeroes in any given region of the complex
plane. The results for an aluminium cylinder
(A = 6.1 -1011dyn/em2, 4 = 2.5 - 1011 dyn/cm?2,
02 =2.7gm/em3) at a1 = kja =25 are shown in
Fig. 2. We find two sets of zeroes: (1) the set labelled
F which lies entirely in in the first quadrant, and
which differs numerically very little from the “rigid*‘
Franz-type zeroes — the roots of HV' (x1) = 0;
and (2) the set labelled R which starts out with two
zeroes close to the positive real axis, and continues
into the second quadrant approaching asymptoti-
cally the negative real axis. They seem to coalesce

Fig. 2. Contours for the Sommerfeld-Watson Transforma-
tion. The circles show the Franz(F) and Rayleigh-type (R)
zeroes of D(v) for an aluminium cylinder with kja = 5.

pairwise into the negative integers. This second set
of Rayleigh-type zeroes is absent for either rigid or
soft cylinders, and their existence, therefore, must
be attributed to the elastic properties of the scat-
terer. We also find that there may be zeroes in the
third quadrant; however, they were difficult to
locate with the present numerical program. For-
tunately, as will ke seen below, only first-quadrant
zeroes close to the real axis can contribute in the
theory. All these zeroes are functions of x;. The
behaviour of the Franz-type zeroes vs. ay is the
same as that deduced from their asymptotic for-
mulas (see 1 or 4). The line of Rayleigh-type zeroes,
however, seems to be “pulled” into the first qua-
drant with increasing w1, so that it appears that for
x1 — oo there may be an infinite number of them
in the first quadrant (see Fig. 5 in Ref. 14). For a
cylindrical shell (14 and 16) the analogous function
D (v) is a six-by-six determinant. There we find the
zeroes are qualitatively the same as in Fig. 2 with
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the exception of an additional set in the fourth
quadrant.

Figure 2 also shows the transformation of the
original contour C in the Sommerfeld-Watson inte-
gral (10). This is done with the additional contours
Co and C’ closed up at oo in such a way that the
new closed contour C" + Co, + Cp + Coo — C 4+ Coo
does not include any poles, so that the integral in
Eq. (10) over this contour must vanish. The peculiar
shape of C’' is dictated by the requirement (see
below the discussion after Eq. (22)) that no second-
quadrant poles should be included, and by the fact,
which Fraxz7 has shown, that the integral over Co
to the left of the dashed line in the fourth quadrant
(which is the reflection of the F-line) would not
converge. Vanishing of the integral over the portions
Ce shown in Fig. 2 can be readily established. The
transformation (10) applied on Egs. (3) then yields
for the total pressure

P = p1 -+ pi; (12a)
(0 dv [0
pr=i | e e 2 cos(v0) H (k) gil”; .(12b)
Co
: i dv —ival2
pH:lP,\ sinzy © *cos (v ) (12¢)
&

Ju(krr) D (v) + H,P (kyr) B(v)
o 10
The “background” integral pir of Eq. (12¢) is
absent for either soft or rigid cylinders. For an
elastic (aluminium) cylinder we have shownl13,14
that it is negligible (except maybe at some critical
angles) by comparing results evaluated without
that integral with the exact normal-mode calcula-
tions of FArAN 21, We shall therefore neglect it. Note
that the incident pressure which is proportional to
Jy(k1r) seems to have dropped out of Eq. (12b).
We shall see below that this is not really so, but that
it can be recovered by a saddle-point integration.

The integral pr could be evaluated by the residue
method, but Fraxz7 has shown that the resulting
residue series would not converge in general, the
reason being that pr also contains the geometrically
reflected wave. That wave can be separated out of
(12b) by writting for cos(v0) the identity

cos(v) = e cosy(m — 0) — i T Dsin(zy). (13)
The last term cancels the sin (7v) in the denominator
of Eq. (12b). This results in an integral which has

21 J. J. Farax, J. Acoust. Soc. Am. 23, 405 [1951].



THEORY OF CREEPING WAVES IN ACOUSTICS

been shown!3 to represent the geometrically re-
flected wave. One attempts to evaluate it (for large
21) by the saddle-point method. Using Hankel’s
asymptotic expansion, Eq. (8), for HV in Eq. (12b),
and Debye’s asymptotic expansion

Hf,l)(l) ~ (2/masin o)1/2 e =ilz(sinx—acosa) —a/4] ,

Y = Xcosa, (14)

for the first-column elements of B(v) and D (v), we
have shown13:16 that the saddle point is located at
as = 0/2, or

vs = xpcos(6/2). (15)
Figure 2 reveals that at the “critical angles”
6, = 2cos~1(Rewi/x1), (16)

where vy is any first-quadrant Rayleigh pole, the
saddle point (15) will lie directly under a pole. This
would mean that the resulting saddle-point eva-
luation for the geometrically reflected wave would
be very inaccurate, because we would be unable to
distort the contour Cp in order to make it pass
through the saddle point without coming too close
to a pole of the integrand. (We have shown that
the path of steepest descent must go through the
saddle point at an angle of 377/4 with the real axis). To
overcome this difficulty we break up the contour
Cp of Fig. 2 into the two separate contours C; and
(3, as shown in Fig. 3, before the separation of the
geometric term by Eq. (13). We then evaluate the
integral (12b) by the Residue Theorem in its “‘un-

2(180)”

Fig. 3. Contours for Separation of the Geometrically Re-
flected Wave.

separated form” (leaving cos » 0 unaltered) over the
contour Cp, and in the “separated form” (rewriting
cosvf by Eq. (13)) over the contour Cz. These two
residue series will yield the creeping waves. The
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geometrically reflected wave can be evaluated by
the saddle-point method over the contour Cg as
outlined above. (Another saddle point is present
which is shown schematically in Fig. 3 on the real
axis to the right of z;. Fraxz5:7 has shown that
this restores the contribution of the incident wave,
but since we are only interested in the scattered
wave, we shall ignore it here.)
The results are:

P1 = Pec + Pg; (17a)

2 HY (ki) Blw) [cos (v f) e 72 }®
= —2; ’ ) ()
Pe 7kzjlsin (7w vi) D (vi) {

cos v (w — 0) "2 5

(17b)
Pe — [asin(6/2)/2r] R (vs) e 17 — 2asin®l2] (17 ¢)
In the summation of Eq. (17b) D(vx) = 0D/

evaluated at v = vy ; the forms @ and @ must be
used when

Re (vk) < a1cos(6/2): @ Unseparated Form;
Re (vr) > x1cos(0/2): @ Separated Form.

(18)

The function R (v) in Eq. (17¢) was assumed to be
constant in the saddle-point integration and is given
explicitly by
- (01/02) 2% D1 (v) + 121 sina Da(v)
R0 = (o1/o0)21 D1 () — imisina Do) » (19)
where D1, Ds are the respective 2 X 2 minor deter-
minants obtained by expanding D (») by its first
column.
By the use of Eq. (8), Eq. (17b) can be written
for r — oo (the asymptotic approximation for 7 — oo

has already been made in Eq. (17¢)) as

8x \1/2 ..,

Sa== ( kjr> ei(krr—nl4) -
X D = B [cos(ve 0) e~ i) @

F=1 sin T vy D('yk) cos vk(n o 0) @

= 1

At this point it is possible to demonstrate explicitly
the circumferential character of the creeping waves.
For the unseparated form @ in Eq. (20) we rewrite
the trigonometric terms

[e o]
cos(ne) PSS gintotatam
sin (77 vk) 2

(21)
A==1m=0

which is uniformly convergent for Im (vx) > 0. In-
serting the time dependence exp(— ¢ wt) we see
that the residue series (20) is made up of terms
having the form

i(EP0—0t) — o—Tm(re)(£0) oi [= Re(m) 6 — wf]

(22)
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which are clearly circumferential waves travelling
in the - @ directions, and are damped with an
attenuation factor proportional to Im(vx). Their
phase velocities are given by

h wa 2

c£ = Re(vk) o 23)

Re (Vk) C1. (..
For pulses we can also define the group velocities

i = - dzy.

b dRe( )Cl. (24)

The additional summation over m in Eq. (21) re-
presents waves which have circumnavigated the

2 do
a d

This is much more complicated than the relatively
simple expression in Eq. (9). However, whereas the
latter may need on the order of 1000 terms before
starting to converge, we found that for k1a =5 we
need sum only three or four terms (the first-qua-
drant Rayleigh poles plus at most two Franz poles)
in Eq. (26) to obtain four-digit accuracy. A numerical
evaluation of Eq. (26) for an aluminium cylinder is
shown in Fig. 11. More extensive computations for
aluminium shells can be found in Refs. 14 and 16.

Finally we consider the paths of the creeping
waves around the cylinder, which determines the
critical angles at which a creeping wave may be
launched on the cylinder and radiate off to an
observer after m circumnavigations. These critical
angles have been derived intuitively in KELLER’s 22
“geometrical theory of diffraction* by noting that
at these angles there exists a resonance effect: the
incident wave velocity is equal to the component
in the direction of incidence of the creeping-wave
velocity. In Ref. 13 we have established them rigo-
rously by following the path of a delta-function pulse
and correlating its travel times with causality re-
quirements. The picture which emerges from such
an analysis is given in Fig. 4. Figure 4a shows a
creeping wave (solid line) launched on the cylinder
at the critical angle o (measured from the shadow
boundary), then proceeding to the observer P,
leaving the cylinder at the same critical angle o
(measured from N — the normal to the observation
direction). The rigorous theory!3 predicts these

22 B.R. Levy and J. B. KELLER, Commun. Pure Appl.
Math. 12, 159 [1959].

oo [sin(6/2)]V2 R (vs) + 4 ( [kya)?e i[2k1asin(6/2) — n/ﬂZ -
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cylinder m times. Equation (22) also shows that no
second or fourth quadrant zeroes v, are allowed
since these would lead to physically unacceptable
exponentially increasing waves. This was one of the
main factors for determining the contours in Fig. 2.

The differential scattering cross section, Eq. (7),
is now given by (approximately, because we have
neglegted the background integral (12¢))

(do/dO) ~ Pel?,

lim 7 | pg -+

r—>00

(25)

which by using Egs. (17¢) and (20) can be put in
the form
1 B {cos (v 0) e @ (26)

= lsmnvk D(p COS‘Vk 7—9 l

Fig. 4. Geometry of the Circumferential Waves: (a) 6 < 2a

corresponding to the Unseparated Form™; (b) 6 > 2a
corresponding to the Separated Form™. The geometrically
reflected wave is indicated by the dashed line.
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Fig. 5. Schlieren photographs of
the wavefronts resulting from
Franz- and Rayleigh-type circum-
ferential waves on an aluminum
cylinder in water (x; 323.7).
The wavefronts in (b) occur at a
later time than those in (a).

Fig. 7. Schlieren photograph which
is a double exposure showing two
successive positions of the radia-
ted wave resulting from the cir-
cumferential wave with approxima-
tely a 157 incidence and emergence
angle (x; 1008, to > ty).

Fig. 8. (a) Schlieren photograph of the waves produced when the upper right qua-
rant is insonified with an incident plane wave traveling toward the bottom of the

picture. (b) Diagram for interpretation of photograph in (a): A [Hluminated
portion; B Specular reflection; C — Franz wave; D — 30” wave; & — Through

compressional wave.

Fig. 9. Schlieren photograph of the entire diffracted
field produced when the upper half of the cylinder is
insonified.
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THEORY OF CREEPING WAVES IN ACOUSTICS

angles to be

ob® = lim cos™1 (vg/a1)

§—>00

~ cos1(c1/cP?) for C. W., (27a)
oft = lim cos~!(dwg/dxy)
~ cos~1(c1/cf") for pulses, (27Db)

where s is the integration variable in a Laplace trans-
formation used to obtain a delta-function pulse
from the plane wave. These angles in general are
complex (except for the rigid or soft cylinder in
which case they become oy = 0, showing that the
Franz waves are launched at the shadow boundary).
The approximation of taking their real parts (the
right-hand sides of Eqs. (27)) gives meaningful
physical angles if Im () is small, which is the case
for all Rayleigh-type zeroes. For 0 = 2o the
distance which the upper creeping wave in Fig. 4a
has to travel on the cylinder shrinks to zero. It
therefore has to make a full revolution around the
cylinder before proceeding to P, as shown in Fig. 4 b.
(This means that m has increased by one in Eq. (21)).
The condition § = 2« is precisely the same as that
in Eq. (18) for the change-over from the unseparated
to the separated forms for the residue contribu-
tions. At this point the saddle point (15) is directly
under one of the Rayleigh poles. The separated
form of the solution (which is to be used for 6 > 2)
predicts exactly, from our causality arguments!3,
the path shown in Fig. 4b in agreement with phy-
sical intuition.

Part B: Experiment

1. Schlieren Observation

Distinct circumferential waves are related to
poles or groups of poles in the complex »-plane
described in the theory. Each of three of these
waves may be separately generated by acoustic
pulse illumination of a selected small portion of a
cylinder with a narrow-beam acoustic source directed
at a specific incidence angle. The radiation into the
field around the cylinder resulting from the circum-
ferentially traveling waves may be observed directly
by means of Schlieren visualization. All the obser-
vations referred to here are for aluminium (type

* Fig. 5,7—9 on p. 696 b.
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6061) cylinders immersed in water. The simultaneous
generation of two distinct types of circumferential
waves is shown in Fig. 5*. Figure 5b is taken at a
later time than Fig. 5a showing the progression of
the radiated waves. The source transducer is at the
top of the photograph radiating downward. The
part of the incident beam striking the cylinder cross
section tangentially, generates the Franz wave. If
only the point of tangential incidence (labeled (1)
in Fig. 5a) is illuminated, the Franz wave alone
would be generated18. Most of the wavefront con-
taining the Franz-wave radiation is specular reflec-
tion from the cylinder surface. Only the portion to
the right of a vertical line, from the transducer face
through the tangential point of incidence, results
from the Franz wave. This may be considered a
diffracted circumferential wave. In Fig. 5, the source
beam was sufficiently wide that a Rayleigh-type
wave was also generated in the neighborhood of the
point labeled (2) on the circumference in Fig. 5a.
This wave has also been generated and observed
separately 18:23. A diagram intended to aid in the
interpretation of this wave is shown in Fig. 6. An
incident ray generates the normally expected spec-
ular reflection at an anple @. This incident and spec-
ular angle is related to the critical angle o in Part A
by ¢ = (n/2) — «. On striking the cylinder, a
circumferential wave is generated which travels
inside the cylinder boundary, radiating part of its
energy out of the cylinder at an angle as it circum-

—SPECULAR
rINCIDENT

REFLECTION
\o\’\ "RAY"

I\
INX N
X

Fig. 6. A geometric construction illustrating circumferen-
tial wavefront propagation.

23 R. R. Goopmaw, R. E. Buxxey, and S. W. MARSHALL,
J. Acoust. Soc. Am. 42, 523(L) [1967].
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navigates the cylinder. This generates a wavefront
labeled at three different times t1, 2, and t3, which
correspond to the Schlieren visualizations. The
decreasing arrow head sizes along the circumferential
path and along the wavefront indicate the magni-
tude of the pressure amplitude. This is thus an
attenuating wave and may be regarded as a re-
fracted circumferential wave. A hydrophone placed
in the field on the side of the cylinder opposite from
the source, at a point such as P, would detect the pas-
sage of the radiated pressure front. From hydrophone
measurements, at a point such as P and Schlieren
photographs at different times, the properties of the
circumferential wave may be interpreted. Experi-
mental isolation and measurements of these waves
have been carried out for a range of z;1 = kja from
54 to 1008. Such experiments have resulted in the
following conclusions about the Franz and Rayleigh-
type waves. The Franz wave is primarily related to
the geometric form or curvature of the surface on
which it travels. It propagates on the outside of the
boundary at a circumferential speed (c¢) only 3%,
less (on aluminium) than the free water-borne wave
(cw) at a1 of 54. The difference from ¢y decreasesto
19, above an x; of 150. The circumferential velocity
may be predicted to within +0.59%, by the for-
mulation for the rigid cylinder of Franz* above
v1 = 4. The attenuation of the Franz wave is,
however, significantly affected by the material of
the cylinder. Its magnitude was measured to be
between 2 and 3 Np/rad at these high values of x;
which is significantly less than that predicted by
the formulation by Franz* for the rigid cylinder.

The Rayleigh-type wave is primarily related to
the material of the diffracting body and is a surface
wave propagating on the inside of the boundary.
Its speed (for aluminium, at high a;) is approxi-
mately 2.5 times ¢y . Its attenuation, which is con-
siderably less than that of the Franz wave, ranges
between 0.10 and 0.18 Np/rad for large x;. The
incidence and emergence angle for the Rayleigh-
type wave was measured to be approximately 30°
for aluminium at high x;. The approximate theo-
retical formulation comparable to Eq. (27) in Part A
is ¢ = sin"1(cc/ey). Measured velocities predict a
value of ¢ of 237 for an x of 323.7. This is considered
reasonable agreement between theory and experi-
ment considering the difficulty of measurement of
acoustic-beam angle direction relative to a curved
surface.
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A third wave, also a refracted circumferential
wave was found to be generated at a value of ¢ of
approximately 15° for large x1. The radiation result-
ing from such a wave is shown in Fig. 7 for an z; of
1008. Here the wavefront is shown at two different
times by means of a double exposure (t2 > 7).
Figure 6 also describes the behavior of this wave. Its
circumferential speed is approximately 6.5 cy. Al-
though it is generated to a lesser degree than the
wave generated at 30° incidence, its attenuation was
measured to be approximately 209, lower for large
x1. The degree to which a wave is generated is
determined by the residue at the pole related to that
wave, viz. the corresponding k-th term in Eq. (17b).

Simultaneous insonification of all incidence angles
is accomplished by causing an acoustic pulse to fall
incident on one quadrant of the cylinder cross sec-
tion. In such a case, shown in Fig. 8, all possible
types of waves are generated. Figure 8b indicates
the meaning of the various features of Fig. 8a. In
Fig. 8, the pulse falling incident on the upper right
quadrant [A] generates the specular reflection [B]
and the Franz wave [C]. At the value of x; of 215.8
for this case, the Shear wave transmitted through
the body of the cylinder emerges mixed with the
Rayleigh-type circumferential wave [D]. Since the
circumferential wave occurring at 15° incidence is
generated to such a smaller degree than the others, it
is not apparent in this picture. However, radiaton
[E], as a result of the compressional wave transmit-
ted through the body of the cylinder, is seen.

When the entire cylinder was insonified from
above with an incident wave which was essentially
plane, the Schlieren photograph of Fig. 9 resulted.
Here sets of circumferential waves are generated in
both directions around the cylinder causing inter-
ference between them, resulting in a somewhat con-
fused picture. However, not so confused that the
reader cannot select identifiable portions of wave-
fronts with far less doubt than he would have had
without the benefit of the pictures of the separated
waves. A hydrophone placed at a point of the field
on the shadow side of the cylinder would produce a
very complicated pulse sequence of much longer
total duration than the incident pulse.

11. Hydrophone Detection of a Pressure Pulse

The configuration for an experiment which
utilized a hydrophone on the side of the cylinder
opposite from the source is shown in Fig. 10a for
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HYDROPHONE

(a)

1
(b)

Fig. 10. (a) Diagram of the experimental arrangement and

pulse path for detecting circumferential-wave pulses ra-

diated from a cylinder and (b) the resulting pressure-pulse
sequence received at the hydrophone.

the wave generated at 15° incidence. The circum-
ferential wave is generated upon incidence and
travels around the inside of the boundary. The wave
path is shown in Fig. 10a as a spiral to avoid con-
fusion. Actually, the path is identical on successive
circuits as are the paths to the hydrophone. The
wave radiates to the hydrophone after part of a
circuit. Part of the wave continues around the cir-
cumference of the cylinder and after a full circuit is
radiated to the hydrophone a second time, and so on.
The resulting pulse sequence at the hydrophone is
shown in Fig. 10b. The labels on the pulses indicate
the sequence of reception, in time. It can be seen
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that a background of other pulses is present,
probably relating to other poles of the Rayleigh-type
as theory indicates should exist at large values of z;.
From such pulse sequences shown in Fig. 10b, the
velocity and attenuation of these waves can be
determined.

The degree to which the creeping-wave formula-
tion is a meaningful description of the diffracted
field is illustrated by a comparison of experimentally
measured values of differential scattering cross sec-
tion versus x1. An example of such a comparison is
shown in Fig. 11 for aluminium cylinders for values
of @1 between 5 and 25. The reasonable correspon-
dence between theory and experiment demonstrates
that the creeping wave formulation is a useful and
realistic description of the actual scattered field.

ad910:90° =
o
T

2 do
o
T
o

5 10 5 20 25

Fig. 11. Experimentally measured values of differential
scattering cross section plotted with a theoretical curve
computed by the creeping-wave formulation.

Conclusion

The application of the Sommerfeld-Watson trans-
formation to the classical normal-mode series solu-
tion of the wave equation for cylindrical geometry,
permits the recognition of waves which travel cir-
cumferentially on the cylinder boundary. When the
cylinder is elastic, two types of waves which have
circumferential paths are found to contribute to the
diffraction caused by the cylinder. One is the Franz-
type wave known to also be present in the extreme
cases of “hard” and ‘“soft” boundary conditions.
The other, called a Rayleigh-type wave is present
because of the elasticity of the cylinder.
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Experimentally, three separate predominant cir-
cumferential waves have been observed on elastic
cylinders. The waves may be separately observed
by using short-pulse narrow-beam acoustic signals.

The “Franz” wave is generated at tangential
incidence and travels on the external side of the
cylinder surface. Its properties are primarily deter-
mined by the geometry of the diffracting or reflecting
object, although the elastic properties of the cylinder
do influence the properties of the wave, especially
the attenuation. The creeping wave is highly
attenuated, in the order of 3 Np/rad. The velocity
for ka’s greater than 54 is only 1%, lower than that
of the free water-borne wave and may be computed
to within less than + 0.59, by Franz’s formula for
the rigid case.

A refracted circumferential wave is characteristi-
cally generated at an incidence and emergence angle
near 30°, travels on the inside of the cylinder
boundary, and is less attenuated than the Franz
wave. Its speed is near 2.5 times the free water-borne
wave speed. The wave properties are more directly
related to the elastic properties of the surface than
the curvature of the surface on which it travels. This
wave has been reasonably identified as one whose
properties approach the properties of the Rayleigh
wave for a plane surface. It is, therefore, referred to
as a “Rayleigh-type* wave.

A third wave was observed which is very similar
to the one generated at 30° incidence except that it
is generated at an incidence and emergence angle
of 15°. It also travels on the inside of the curved
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boundary. It is the least attenuated of the three
distinct waves observed and is apparently generated
to a lesser degree than the other two. Its speed is
much higher than the other two: 6.5 times the free
water-borne-wave speed. This wave may be related
to one of the higher Rayleigh-mode poles in the
complex p-plane.

The three types of waves were measured using
pulses. Values of x; or ka ranged from 54 to 1008
with two independent experimental methods. A pres-
sure-pulse sequence was measured with a hydro-
phone and radiated wavefronts were observed with
the Schlieren method of wavefront visualization.
The two methods established the same velocities
stated above for the refracted circumferential waves.
Experimental agreement is found with the total
field calculation in the form of differential scattering
cross section over a ka range between 5 and 25.

Thus, the properties of three distinct circum-
ferential waves on elastic cylinders are established.
Not only is the so-called creeping-wave solution
useful since it converges rapidly, facilitating com-
putation, but also the awareness of separate circum-
ferential waves gives an insight into the diffraction
phenomenon.

Acknowledgements

The authors acknowledge the support of the Office of
Naval Research through the Interdisciplinary Acoustics
Program at The Catholic University of America, and the
Naval Research Laboratory and Naval Weapons Labora-
tory.



